WHEN THE POSITIVITY OF THE /i- VECTOR IMPLIES THE 
COHEN-MACAULAY PROPERTY 



FRANCESCA CIOFFI AND ROBERTA DI GENNARO 



Abstract. Wg study relations between the Cohen-Macaulay property and the 
positivity of h-vectors, showing that these two conditions are equivalent for 
those locally Cohen-Macaulay equidimensional closed projective subschemes 
X, which are close to a complete intersection Y (of the same codimension) in 
terms of the difference between the degrees. More precisely, let X C (n > 
4) be contained in Y, either of codimension two with deg{Y) — deg{X) < 5 or of 
codimension > 3 with deg(Y) — deg{X) < 3. Over a field K of characteristic 
0, we prove that X is arithmetically Cohen-Macaulay if and only if its h- 
vector is positive, improving results of a previous work. We show that this 
equivalence holds also for space curves C with deg{Y) — deg{C) < 5 in every 
characteristic ch(K) ^ 2. Moreover, we find other classes of subschemes for 
which the positivity of the /i-vector implies the Cohen-Macaulay property and 
provide several examples. 



Introduction 

There is a deep interest in relations between the structure of standard graded 
algebras or local rings and their Hilbert functions, and there is a vast literature 
about this subject (see, for instance, [T4j|30l[28| and the references therein). 

In this paper we consider the question about when the positivity of the /i-vector 
implies the Cohen-Macaulay property, being the vice versa true and well known. 
The question we pose here is more subtle than that we faced in [5], i.e. to ask when 
the admissibility of the /i-vector forces the Cohen-Macaulay property, because the 
admissibility of the /i- vector implies its positivity. We show that our new question 
makes sense by exhibiting a locally Cohen-Macauly (ICM, for short) curve with pos- 
itive but not admissible /i- vector (see Example l2.1|) . where we mean that a curve is a 
1-dimensional closed projective scheme (a ICM curve is also equidimensional, i.e. its 
defining ideal is unmixed). We find several classes of projective closed subschemes 
for which our question has a positive answer, improving the results described in 

Our question can be investigated also looking for projective subschemes that have 
positive /i-vector although they are not arithmetically Cohen-Macaulay (aCM, for 
short). This kind of approach is treated also by means of the admissibility of the 
/i-vector in [TUl HI [HI [SI HI] , in different situations, with different approaches, and 
in the context of symplicial complexes (see |15| and the references therein). 

As it is common in the study of the Cohen-Macaulay property, we use general 
hyperplane sections and, hence, the properties of 0-dimensional schemes, which 
are always arithmetically Cohen-Macaulay. Nevertheless, the knowledge alone of 
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0-dimensional schemes is not sufBcient to give answers to our question. So, we look 
also at the features of liaison, at the notion of extremal curves and at properties of 
Borel ideals. 

Let X C P^- {K algebraically closed field) be a locally Cohcn-Macaulay equidi- 
mensional closed projective subscheme, which is contained in a complete intersec- 
tion Y of the same codimension c. In our investigation, we show that the Cohen- 
Macaulay property and the positivity of the /i-vector arc equivalent for those sub- 
schemes X which are close to Y in terms of the difference between the degrees, 
precisely in the following cases: 

(i) n = 3, c = 2 and deg{Y) — deg{X) < 5, over a field K of characteristic 
different from two (Theorem 2.2); 

(ii) n > 4, c = 2 and deg{Y) — deg{X) < 5 over a field K of null characteristic 
(Theorem 2.3); 

(iii) 71 > 4, c > 3 and deg{Y) — deg{X) < 3 over a field K of null characteristic 
(Theorem 3.2). 

In this perspective, our result for curves is not improvable, due to suitable examples 
provided by E. D. Davis (see Section 2 of [9]) and to developments of them (see 
[6j Examples 4.6 and 4.7 and the Appendix]). Nevertheless, there are other classes 
of subschemes for which the positivity of the /i- vector implies the Cohen-Macaulay 
property (see Propositions 12.41 and 13. 4[ and also [HI Proposition 4.6]). 

Moreover, by exploiting the Davis' technique, by Proposition 12.61 we provide a 
class of non-aCM but ICM equidimensional surfaces X C with admissible h- 
vector, such that deg{Y) — deg{X) > 10. The schemes that belong to this class 
are constructed applying an odd number of liaisons, instead of sequences of basic 
double links, that are the tools used in [53] to obtain an analogous construction in 
even liaison classes. 

For the study of codimension > 3, we compute saturated Borel ideals with a 
given Hilbert polynomial by the applet BorelGenerator of P. Leila, available at 
www . personalweb . unito . it/paolo . lella/HSC/borelGenerator . html and based 
on an algorithm described in [7] and further developed in [52] (an analogous algo- 
rithm is described in [26]). 

1. Setting and basic results 

Let K be an algcbrically closed field, S := K[xo, . . . , Xn] be the polynomial ring 
over K in n+l variables. = Proj S the projective space of dimension n over K. 
For a homogeneous ideal I C S, It denotes the iC-vector space of the homogeneous 
polynomials of degree t oi I and I<t the ideal generated by the polynomials of degree 
< t of /. The saturation of / is P''' = {/ e 5 | V j = 0, . . . , n, 3 r e N : xj/ £ /}. 

A finitely generated graded S*- module M is m-regular if the i-th syzygy module 
of M is generated in degree < m + i, for all i > 0. The regularity reg(M) of M is 
the smallest integer m for which M is m-rcgular. 

We use the common notation of ideal sheaf cohomology referring to [T71 [55] . 
A coherent sheaf on P^ is m-regular if H^{J^{m — i)) — for all z > 0. The 
Castelnuovo-Mumford regularity (or regularity) reg{T) of J- is the smallest integer 
m for which J- is m-regular. 

If X C P^ is a closed subscheme, its regularity reg{X) is defined as the regularity 
reg{I) of its defining ideal /, since the regularity of a saturated homogeneous ideal 
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I equals the regularity of its slicafification. The modules Mj^ := 
1 < i < dim(X), are the deficiency modules of X. 

We refer to [20] for definitions and results about Hilbert functions of standard 
graded algebras. In particular, according to [30], for a standard graded S'-algebra 
M = 0Aft we let HM{t) := diraxMi be the Hilhert function of M, AHM{t) := 
Hhiit) — H^it — 1) for all i > and AHujiO) := 1. In a similar way, the i-th 
difference function A*iJj\/(t) is defined for each integer i not higher than the KruU 
dimension k + 1 oi M . 

For t » 0, we have HM{t) = Phiit) where Pm{z) G Q[z] is the Hilbert poly- 
nomial of M, which has degree k. The regularity of the Hilbert function Hj^j 
is pM := min{t | Hnit) = PM{t),yt > i}. The Hilbert series EtGN^M(t)^* 
of M is equal to a rational function h{z)/{l — z)'^"'"^, where A; + 1 is the KruU 
dimension of M as stated above, h{z) = Iiq + hiz + . . . + hgZ-'' € Z[z] is the h- 
polynomial of M and (/iq, /ii, . . . , /ig) is the h-vector of A/. It is noteworthy that 
{ho, hi,...,h,)^ (A*^-+ii/M(0), A'^+^HMil), A*^-+1Hm(pm + k)). We say that 
an /i- vector (/iq, /ii, . . . , /i,,) is positive if for all < * < s the integer /i^ is positive. 

Recall that, given two positive integers a and d, a can be written uniquely in the 
form 

where k{d) > k{d -!)>...> k(j) > j >1. Let 

Mrf) + 1\ (Hd - 1) + 1 V , (Hj) + 1' 

d+l J \ d J^---^\j + l 

A numerical function : N — > N is admissible if < £f(t — 1)*^*^^^ for every 
t > 2 and H{Q) = 1. A finite sequence of positive integers ho, ■ ■ ■ ,hs is admissible 
if the corresponding function given by H{0) = ho, H{1) — hi, .... H{s) = hg, 
H{s + i) = 0, for every i > 0, is admissible. 

Theorem 1.1. [30|, Theorem 1.5] A finite sequence ho, hi, . . . ,hg of (positive) in- 
tegers is the h-vector of a Cohen- Macaulay (standard) homogeneous K -algebra if 
and only if it is admissible. 

Example 1.2. By Theorem 11.11 the /i-vector of a Cohen-Macaulay homogeneous 
iC-algebra is always positive. Nevertheess, there are non-Cohen-Macaulay homo- 
geneous X-algebras with positive but non- admissible /i-vector. For example, the 
function H{t) : 1 4 10 P{t) = 9i — 10 is the Hilbert function of a standard ho- 
mogeneous i^-algebra, with positive but non-admissible /i-vector (1,2,3,1,2). By 
[l4l Theorem 3.3], we can construct a reduced _ftr-algebra A with this property, 
because the first difference of H{t) is admissible. We checked that Proj{A) is a 
space projective curve with embedded components. 

Let X C be a closed subscheme of dimension k and / its defining (satu- 
rated) ideal. Instead of Hs/i, Ps/u Ps/i we can write Hx, Px, Px- Recall that 
Xit A'=+iFx(i) = deg{X). If X has positive h-vector, then A^+^Hx{t) > for 
every t, and if A'^+^iJjc (j) = for some j, then A^'^^ Hx{t) = for every t > j. 

A projective scheme X C Pj^ has Cohen-Macaulay postulation if there is an aCM 
projective scheme W C P^ such that Hx{t) = Hw{t) for every integer t. 

Remark 1.3. If C is a curve with Cohen-Macaulay postulation, then reg{C) > pc + l 
O Proposition 2.4] and the /i-vector of C is positive. 
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Proposition 1.4. The arithmetic genus g of a projective curve C with positive 
h-vector is non-negative. 

Proof. If {ho, hi, . . . ,hs) is the /i- vector of C and He is tlie Hilbert function of C, 
tlien the first difference AHc = {ho, ho+hi, . . . , J2o<i<s — deg{C), deg{C), . . .) is 
strictly increasing until it becomes equal to deg{C), because the ft,- vector is positive. 
Hence, by construction we get that deg{C){s — 1) + 1 > '}2o<t<s-i^^c{t) = 
Hc{s - I) = Pc{s - I) =deg{C){s- I) + l-g, so g>{). □ 

Let fc > and /i G Si be a general linear form which is not a zero-divisor on S/ 1 
and J :— {I,h). Let Z C P^~^ be the scheme of dimension — 1 defined by the 
saturated ideal J''"'* /{h) = (/, hy°-* /{h), i.e. the general hyperplane section of X. 

Remark 1.5. (a) By the short exact sequence 

{s/i)t-i A {s/i)t {s/j)t 

it follows that Hs/j{t) = AHs^j{t) and then /Os/j = px + 1, so that AHx{t) = 
Hs/j{t) > Hz{t) for every t and Hs/j{t) = Hz{t) for t > max{pz, ps/j}- 

(b) Recall that X is aCM if and only if its deficiency modules are null (e.g. PSI 
Lemma 1.2.3]). Moreover, if X is aCM, then AHx{t) = Hz{t) for all t, but the 
converse is false in general, but true for curves. Anyway, an equidimensional and 
ICM closed subscheme X of dimension fc > 2 is aCM if and only if its general 
hyperplane section is aCM ([201 Proposition 2.1] or [3SJ Theorem 1.3.3]). 

It is always possible to find positive integers /?!<...< Pn-k and a complete 
intersection Y (c.i. for short) of type {(3i, . . . , Pn-k) containing X (see Theorem 3.14 
of Chapter VI of [H]). Recall that a complete intersection Y is also a Gorenstein 
scheme and that a Gorenstein scheme of codimension two is always a complete 
intersection (here Gorenstein means arithmetically Gorenstein). Moreover, recall 
that reg{Y) = J2 f3t - {n - k) + 1. 

We refer to [25] for general results on liaison theory and, especially, on alge- 
braically linked schemes. In particular, we recall that linkage is preserved by hy- 
persurface section. 

Theorem 1.6. [51 Theorem 3] Let Y be a k-dimensional Gorenstein scheme con- 
taining properly a k-dimensional aCM scheme Z defined by a saturated ideal I{Z). 
Let Z' be the scheme algebraically linked to Z by Y , i.e. defined by I{Z') = {I{Y) : 
I{Z)). Let a and a' be the initial degrees of L{Z) / L{Y) and of I{Z')/ L{Y), respec- 
tively. Then, 

(i) reg{Z) -\- a' = reg{Z') + a = regiY); 

(ii) A'=+iiJy(t) = A^+^Hz{t) + A^+^Hz'{reg{Y) - l-t), for every <t < 
reg{Y) - 1. 

If X C is an equidimensional and ICM subscheme of dimension fc (we refer 
to [in] for results about equidimensional ICM closed subschemes), let Xic_i be 
the subscheme obtained by applying i successive general hyperplane sections to 
X, where < i < fc. In particular, if fc > 2, C := Xi is the curve obtained by 
applying fc — 1 successive general hyperplane sections to X and Z Xo is a general 
hyperplane section of C. 

We denote by C" and Z' , respectively, the curve and the 0-dimensional scheme 
linked to C and Z by general hyperplane sections of a complete intersection Y 
containing properly X. 
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Lemma 1.7. The arithmetic genus of C is 

(1.1) g' = Dt + deg{C'){-t + ^ /3, - (c + 1) - 1) + 1, 
where Dt ~ A'^^^Pyit) — Pc{i), for every t > n\&yi{pc,reg(Y) — 2}. 

Proof. Denoting by g and g the arithmetic genus respectively of Y and C, we obtain 
(n A - deg[C')) ■t+l-g^\[p,-t+l^g~Dt. 

■i i 

By applying ^ Corollary 5.2.14], for which g - g' ^ ^(ELi ft - ^ - '^){deg{C) - 
deg{C')), and by the shape of the arithmetic genus of a complete intersection curve 
(see, for example, [25l page 36]), for which ^ = i . l3i{J27=i ft — n — 1) + 1, we 
have the thesis. □ 

It i ^ k, then Xk-i is cquidimcnsional and ICM as X, by the sequence 

(1.2) ^ H^ilxit - 1)) ^ H'ilxit)) ^ H'^iTzMit)) ^ 
^ H\lxit - 1)) ^ H\lx{t)) ^ H\Xz{t)) ^ . . . . 

Further, in codimension two, if X is non-degenerate also Xk-i is non-degenerate, 
for every i < fc [6l Proposition 1.4]. 

Lemma 1.8. Letting to := min{t G N : Hx{t) < i/y(t)} and, for every 1 < i < k, 
t^ := min{f G N : Hxk_,{t) < A^Hyit)}, we have 

to>ti>...>tk= min{t e N : AHz{t) < A'^+^Hyit)}. 

Proof. By Remark iLSf a). we have Ai/y(<o) > AHxito) > Hx^_i{to) from which 
wc deduce that <i < to; from A^i/y(ii) > AHxf,_i{ti) > Hx^_2{ti) wc deduce 
that t2 < ti; and so on. □ 

Finally, we recall the notion of space extremal curve together with a characteri- 
zation in terms of the /i-vector. 

Definition 1.9. [T^ Corollary 6 and Definition 7] Let ch{K) = 0. A space curve C 
of degree d > 3 and arithmetic genus g is called extremal if it satisfies the following 
conditions: 

(i) ra := min{t | h\lcit)) ^ 0} = g + 1 - {d - 2){d ~ 3)/2; 

(ii) ra := max{i | h^Ic{t)) ^ 0} = did - 3)/2 - g; 

(iii) h^{Ic{t)) = (rf - 2)(d - 3)/2 - g, for every ra < t < tq. 

In |121 Theorem 8] there is a first complete description of a space extremal curve 
of degree d > 5, that is then improved in [U Theorem 2.1]. A space extremal curve 
is supported on the union of a line and a plane curve that can either meet at a point 
(aCM case) or are disjoint or have the same support. For a large class of explicit 
examples of extremal space curves see [23j and the references therein. 

Proposition 1.10. Let ch{K) ~ and C C P'l- he a space curve of degree d > 5 
with general hyperplane section Z. Then C is an extremal curve if and only if 
AHz{t) : 12 1 ... 1. 

Proof. It is enough to apply [12l Theorem 8], because Z has character (d — 1,2) 
iff AHz{t) : 1 2 1 ... 1, by the definition of character of a plane 0-dimensional 
scheme (see [13] )• One can also use geometric arguments due to (to find a plane 
curve Cjr of degree d — 1 contained in C) and then [H Theorem 2.1]. □ 
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2. Cohen-Macaulayness conditions in codimension two 

With the notation stated in Seetion 1, let X C be a non-dcgencratc codi- 
mension two subscheme that is ICM and equidimensional. Thus, A: = ?i — 2 is the 
dimension of X and C is a space curve. Recall that, if i 7^ fc, then Xk-i is non- 
degenerate, equidimensional and ICM as X. The /i- vector of a complete intersection 
Y C of type (/3i, /32) and of dimension fc = n — 2 is: 

(2.1) A'^+'Hrit) : 1 2 ... /3i ... /3i A - 1 ... 2 1 0, 

where (3i appears /32 — /^i + 1 times, and reg{Y) = /3i + /32 — 1- 

2.1. Space curves in characteristic different from tw^o. Over every alge- 
braically closed field of characteristic different from 2, if C is a space curve con- 
tained properly in a c.i. Y with deg{Y) ~ deg{C) < 5, then C is aCM if and 
only if reg{C) > pc + 1 13 Theorem 4.2]. This result is sharp and holds also 
if we replace the condition reg{C) > + 1 by the stronger condition for which 
C has Cohen-Macaualy postulation; indeed, to have Cohen-Macaualy postulation 
implies reg{C) > + 1, as we recall in Rcmark ll.3l Here, we prove an analogous 
statement with the condition that the /i- vector of C is positive. First, we give an 
example of a ICM space curve with positive but non-admissible /i-vector. Note 
that a curve C without Cohen-Macaulay postulation has a non-admissible ft,- vector 
(/iQ, hi, ... , hs), but its first sum (/iq, ho + hi, . . . , hi, . . .), that is equal to A.Hc, 
has to be admissible by Remark ll.5f a). 

Example 2.1. In Example 11.21 we highlight the existence of a space curve with 
positive but non-admissible ft-vector. That curve has embedded components, so it 
is not ICM. Here we describe an example of ICM space curve that is non-aCM and 
has positive but non-admissible /i-vector. Let C be the rational curve given by the 
rational map 4> : — > such that v) :— {u^ +v^, u^v + uv'^, u^v'^ + ,u'^v^). 
The Hilbcrt function of C is Hc{t) : 1 4 9 5t -I- 1. We apply to C three successive 
basic double links (we refer to [IS] for the definition of a basic double link) of 
type (1,7), (1,7) and (1,9), respectively, obtaining a curve C with non- admissible 
/i- vector (1,2,3,4,5,5,5,1,2), by |25l Proposition 5.4.5(d)]. 

Theorem 2.2. Let ch{K) ^ 2 and C C P^^ he a space curve contained properly in 
a c.i. Y with degiY) — deg{C) < 5. Then C is aCM if and only if the h-vector of 
C is positive. 

Proof. We look for all the possible positive /i- vectors of C, taking into account the 
relations among the integers t^ and ti of Lemma 11.81 and the fact that, by Theorem 
11.61 AHz can differ from the /i-vector of Y in degrees > reg{Y) — deg{Z'). 

When the positive /i-vector of the space curve C is admissible, C has Cohen- 
Macaulay postulation by Theorem 11.11 and then we get the thesis by [6j Theorem 
4.2]. If Z' is not degenerate or is degenerate of degree at most 4, we find that all 
the possible positive /i- vectors of C are admissible. 

Let Z' be degenerate of degree 5, i.e. AiJ^/ : 1 1 1 1 1 0. If ch{K) = then 
C is a plane curve by [TSl Theorem 2.1] and so C is aCM. If ch{K) = p > 0, we 
will find that the arithmetic genus g' of C is positive, in contradiction with [TSl 
proof of Theorem 3.3], where Hartshornc studies non-degenerate space curves swith 
degenerate general hyperplane section. By looking at all the possible sequences that 
can be /i-vectors of C in this case, we obtain that pc < reg{Y) — 1. So, by Lemma 
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11.71 applied with t = reg{Y) — l=/?i+/32 — 2> pc, we obtain g' = £'reg(y)-i ~ 9, 
where Dreg{Y)-i is the difference between the values assumed on reg{Y) — 1 by 
the Hilbcrt polynomials of Y and of C, respectively. In the following table we 
collect all the sequences that give rise to Hilbcrt polynomials Pc{t) for C that 
assume the maximum possible value on reg{Y) — 1, with the consequence that the 
corresponding value of Dj,^g(^Y)-i = 11 is the minimum possible. Hence, we obtain 
5' > 11 - 9 > 0. 
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□ 

2.2. Codimension two subschemes in characteristic zero. In this subsec- 
tion we suppose ch[K) = and consider codimension two ICM cquidimensional 
subschemes in with n> A. 

Theorem 2.3. Assuming ch{K) ~ and n > A, let X C be a ICM equidi- 
mensional codimension two subscheme contained in a complete intersection Y with 
deg{Y) ~ deg{X) < 5. Then X is aCM if and only if X has positive h-vector. 

Proof. For the cases degiY) — deg{X) < 4 we refer to the proof of [H Theorem 4.9], 
because in that proof we used only the positivity of the /i-vector. 

For the case degiY) — deg{X) = 5, according to the notation of Section 1, by 
Remark ILSt b*) we have that AHc{t) > Hz{t) for every t and the equality holds 
for every t iff C is aCM. In the hypothesys that the /i-vector of X is positive, we 
consider all possible AHz'{t) such that deg{Z') = 5. 

If AHz' ■■ 11111, then Z' is degenerate with deg{C') = deg(Z') = 5 > 3; so, 
C" is a plane curve, because ch{K) = |18l Theorem 2.1]. 

If AHz' (t) : 12 2, then applying Lemma [TT51 we have ti > tk = reg{Y) — 3 for ev- 
ery < i < /c, by TheoremUll and A''+^-'Hx^_,{t) = A'^+^Hyit), for every t < 
reg{Y)-3 and < « < fc. Moreover, we have X]* A''+^Hx{t) = deg{X) = deg{Z) = 
Et<regiY)-3 ^Hz{t), and A>'+^ Hx {reg{Y) - 2) > AHz{reg{Y) - 2); so, it follows 

AHzit) = A^+^Hx{t), for every t > reg{Y) - 3, 

because the /i- vector is positive, and we can apply Rcmark lLST b). 

If AHz'{t) : 12 11, then the curve C" is extremal by Proposition ll.lOl Thus, 
C is aCM or there is not a ICM surface with C" as general hyperplane section, by 
[21 Theorem 1.1 and Corollary 3.6]. □ 
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By the same arguments applied in the proof of Theorem l2.3l we get the foUowing. 

Proposition 2.4. The statement of Theorem \2.S\ holds also for every dl — deg{Y) — 
deg{X) > 6 and Z' such that: 

(i) Z' is degenerate; 



Moreover, in P^, n > 4, there is not a ICM suhscheme X of codimension two with 
Z' as 0-dimensional hyperplane section such that AHz'{t) : 12 1 ... 1. 

Remark 2.5. This result shows that the condition degiY) — deg{X) < 5 is not 
characterizing for curves forced to be aCM by the positivity of their /i- vector. 

In [BJ Remark 4.10] we gave an example of a non-aCM, but ICM equidimensional 
surface X in with Cohen-Macaulay postulation and deg{Y) — deg{X) — 10, by 
exploiting the technique of Davis to construct examples of non-aCM space curves C 
of degree d' > 6 (see [5] and Appendix]) linked to curves with Cohen-Macaulay 
postulation. More precisely, we applied an odd number of suitable liaisons to the 
Veronese surface V in P^ (e.g. [TTl Cap. II, Ex. 7.7]) for which we know that 
h'^{Iv{t)) = if t ^ 1, h^ilvil)) = I and h'^{Iv{t)) = for every t [1 Example 
3.7] (see also [27] for a study of the Veronese surface and its degenerations in an 
analogous topic) . Starting from this example, now we exhibit a class of non-aCM 
surfaces in P^ with Cohen-Macaulay postulation. 

As recalled in Appendix] , by applying successive suitable liaisons to the union 
of two skew lines in P^ , Davis constructs the following two types of space curves 
(where Z is the general hyperplane section); 

(1) curves D C f% of type [a, r], with a > r > 0, such that 

a{I{Z)) =pz-\ = a- l\Hz{a) = a; AHzia + 1) = r; h^iloia)) = 1: 

(2) curves D C Pf^ of type [[a, r]], with a > r > 1, such that 

a(/(Z)) = - 1 = a; AHzia) = r; AHzia + 1) = 1; h^Ioia)) = 1. 

For every d' > 6, d' ^ 7, 8, 12, let Cd' := max {t : (*) < d'} and fd' := d' - i"^'). A 
non-aCM curve Cd' with Cohen-Macaulay postulation and degiY) — deg{Cd') = d' 
is obtained by applying a liaison with c.i. of type (/3i,/32) ~ i^d' + 1,6^/ + 1) to a 
curve C^, , chosen among the curves D of type [a,r] or [[a,r]] in accordance with 
the table below: 



For d' = 7, 8, 12, the curves Cd' are constructed in a slightly different way. 

Proposition 2.6. There exists a ICM equidimensional surface X C P|s- contained 
in a complete intersection Y , with degiY) — deg{X) = d' , such that X is non-aCM, 
but has Cohen-Macaulay postulation, for every integer 



d'G{10,14,15,19,20,21,22}u(u>8| * - 3, M - 2, J - 1, ^ , K + ^ 




Cd' - fd' 





[[ed' - 1, fd' - 1]] 
[[ed' -1,2]] 
[[ed' -l,./d']] 
[eg, - 2, /rf, + 1] 



1 
2 
3 
> 4 
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Proof. It is crucial for our purpose that the general hyperplane section of the 
Veronese surface V of is a curve C that is linked to two skew lines by a liaison 
of type (2,3), as one can check by a computation and by [SJ Lemma-Definition, 
page F8]. Indeed, many of the curves of types [a, r] and [[a, r]] are constructed from 
two skew lines by liaisons, the first of which generates C. Thanks to the fact that 
linkage preserves general hyperplane sections, by applying to V the same liaisons, 
wc obtain surfaces X^, whose general hyperplane sections are the curves of type 
[a, r] or [[a, r]]. With a further liaison of type /32) = {sd' + 1, ed' + 1), we obtain 
a surface X whose general hyperplane section is the curve Cd' of Davis, which has 
Cohen-Macaulay postulation. Moreover, if the number of applied liaisons is odd, 
by the Hartshorne-Schenzel Theorem we obtain that h^{Ix{t)) ~ = 0; 

for every t, so that AHx{t) = Hc^,{t) [25l Remark 2.1.3] and also X has Cohcn- 
Macaulay postulation, because X shares its /i- vector with Cd' ■ 

First, wc observe that the described strategy works in the cases considered in 
the following table: we apply successively liaisons of the listed types to the surface 
of denoted by S, obtaining the above surface X'^, of degree d'; after a further 
liaison, we get the surface X with Cohen-Macaulay postulation. 



d' 


S 


liaisons 


further liaison 


/i- vector of X 


10 


V 


(3, 4), (3, 6) 


(6,6) 


[1,2,3,4,5,6,5] 


14 




(4, 6), (4, 7) 


(6,6) 


[1,2,3,4,5,6, 1] 


15 


V 


(3, 3), (3, 4), (4, 5), (4, 7) 


(7,7) 


[1,2,3,4,5,6, 7,6] 


19 




(5, 7), (5, 8) 


(7,7) 


[1,2,3,4,5,6, 7,2] 


20 




(5, 7), (5, 8) 


(7,7) 


[1,2,3,4,5,6, 7, 1] 


21 


V 


(3,3),(3,4),(4,4),(4,5),(5,6)(5,8) 


(8,8) 


[1,2,3,4,5,6, 7,8,7] 


22 


V 


(3, 4), (4, 5), (5, 6), (5, 8) 


(8,8) 


[1,2,3,4,5,6, 7,8,6] 



In this construction there is a type of recursion useful to prove that our strategy 
works well also in the remaining cases. Indeed, ford' G Ut>8|(2)— 3, (2)"^' (D"-*^}' 
by the construction of it is enough to apply successively two liaisons of type 
{t - 2, t) and {t-2,t + l) to X'^, where d = (* - 2, (* - 1, , respectively. 
With a further liaison of type {t, t) we obtain the desidered surface X, after a total 
odd number of liaisons applied to V . 

For d' = (2) , we observe that the curve C^, is of type [i— 2, 1] and is obtained from 
C by liaisons of type (3, 3), (3, 4), . . . , (t-3, t-3), (t-3, t-2), (t-2, t-1), (t-2, t+1). 
Starting from the Veronese surface V , with a further liaison of type (t + l,t + 1) 
we obtain the desidered surface X. 

For d' = (2)+!, the curve C[ii is of type [t— 2, 2] and is obtained from C by liaisons 
of two types: first (3, 3), (3, 4), . . . , (t - 5, t - 5), (t - 5, t - 4) and then (i - 4, t - 3), 
(t — 3, t — 2), (t — 2, t — 1), (t — 2, t + 1). Starting from the Veronese surface V , with 
a further liaison of type (t -I- 1, t + 1) we obtain the desidered surface. □ 

Remark 2.7. In |24| . the authors give algorithms to construct codimension 2 non- 
aCM subschcmes with Cohen-Macaulay postulation. As already observed in the 
Introduction, the difference with the result of Proposition 12.61 is that in [24] the 
authors use basic double links, here we use an odd number of liaisons. 
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3. Cohen-Macaulayness conditions in codimension higher than two 

With the same notation of the previous sections, K is a complete intersection 
of type (/3i, . . . , Pn-k) containing properly X and reg{Y) = ^ /S^ — c + 1, where 
c = n — k is the codimension of X and Y . 

In this section we use the notion of Borel ideal and suppose that ch{K) = 0. 
Recall that a Borel ideal is an ideal fixed under the action of the Borel subgroup of 
upper-triangular invertibles matrices, if xq < a:;i < . . . < a:„, or under the action of 
the lower-triangular invertibles matrices, li xq > xi > . . . > Xn- Here, we consider 
the latter setting. In generic coordinates, the initial ideal of an ideal I, with respect 
to a fixed term order ^, is a constant Borel- fixed monomial ideal called the generic 
initial ideal of I. We denote by gin(I) the generic initial ideal of a homogeneous 
ideal / with respect to the degree reverse lexicographic term order and we set 
gin{X) := gin{I[X)) for any subscheme X. For a survey on this subject we refer 
to [in]. We will need the following properties of gin{X). 

Theorem 3.1. ([U Theorem 4.2], [T6|) If X C is a closed subscheme, then 
reg{X) — reg{gin{X)); ij moreover Z is the general hyperplane section of X , then 
gin{Z) = (gzn(X),a;„)^°7(a;„). 

Theorem 3.2. Let X C (n > A) he a ICM equidimensional subscheme of 
codimension c = n — k > 3 contained in a complete intersection Y with deg{Y) — 
deg{X) < 3. Then X is aCM if and only if X has positive h-vector. 

Proof. We will follow the same approach of the proof of Theorem 2.3. 

If AHz' is cither 1 or 1 1 or 1 2 0, then reg{Y) - 2 < tk, hy the defini- 
tion of tk in Lemma [1.81 and by Theorem 11.61 So, we have AHz{reg{Y) — 2) < 
A''+'^Hxireg{Y) - 2) < A''+'^ HyiregiY) - 2) and the thesis follows. 

It remains to analyze the case AHz' ■ 1 1 1, in which reg{Y) — 3 < t^. Recall 
that the arithmetic genus of a ICM curve of degree 3 is < 1 and the equality holds 
if and only if the curve is planar (e.g. [T5]). 

Let c = 3 and X be non-aCM. Then, by Theorem 11.61 and by degree arguments, 
i.e. X]t>o ^''^^ Hx{t) — deg{X) = deg{Y) — 3, we obtain the following situation: 



t 


. 


• reg{Y) - 3 


reg{Y) - 2 


reg{Y) ~ 1 


reg{Y) 




1 . 


UrEg{Y)-3 


3 


1 







1 . 


areg(Y)-3 


1 








AHz 


1 . 


0'reg(Y)-S ~ 1 


2 









and A''+^Hx{t) = A'^+'^Hyit) = 0, for every t > reg{Y) = J2Pi-c+l. Applying 
LemmaOwith t = reg{Y) - 2 = A - c - 1 and computing A = A'^-^Py (i) - 
Pc{t) = 2, we obtain g' = 0, hence Pc'{t) =3^-1-1. Using the already cited applet 
BorelGenerator of P. Leila, gin{C') can be one of the following Borel ideals: 

Ji = (xo,xi,a;2,a;2X3), J2 = {xo,xl,xiX2,xiX3,xl), J3 = {xq,xI,xiX2,xI). 

Since Z' is a planar scheme, then gin(Z') is univocally determined by its /i-vector; 
so, gin{Z') = {xq^Xi^x^) and by Theorem 13. II we exclude J3. We exclude also Ji 
because in that case g' = 1 ^ 0, as C is a ICM planar curve of degree 3. Finally, 
we exclude J2, because in that case C" should be a non-degenerate space curve of 
degree 3, meanwhile Z' is degenerate in V\, contrary to [HI Theorem 2.1]. Hence, 
we obtain the thesis for c = 3. 
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Let c > 4 and X be non-aCM. Then, we obtain several possible situations. The 
first one generalizes the case c = 3 and is 



the 



t 


. 


reg{Y) - 


- 3 


reg{Y) - 2 


reg{Y) - 1 


reg{Y) 




1 . 


'^reg(Y)- 


3 


c 


1 







1 . 


<^reg(Y)- 


3 


c- 2 








AHz 


1 . 


0'reg(Y)-3 


- 1 


c - 1 








3nd one is 


t 


. 


reg{Y) - 


- 3 


reg{Y) - 2 


reg{Y) - 1 


reg{Y) 


A^+'Hy 


1 . 




3 


c 


1 





A'^+^Hx 


1 . 


OTeg(Y)- 


3 


c-3 


1 





AHz 


1 . 




- 1 


c - 1 









where A^+^Hx{t) = A'^+^Hyit) = 0, for every t > reg{Y) = ft - c+ 1; only for 
c > 4, there are other possible cases, in which we have always A''~^^Hx{reg{Y) — 
2) < c-3. 

In the first case, as for c = 3, wc obtain g' = 0; in the second case, for t = 
reg{Y) - 2, we compute A = A'^^^Pyit) - Pc{t) 3 and obtain g' = 1. So, we 
have either Pc (t) = 3t+l or Pc {t) = 3t. In the first for c = 3, we obtain for 

C" the possible generic initial ideals J( = (xq, . . . , a;„_3, xf^_2j ^n-2^n-i), J2 = 

(xq, . . . , Xn— 4) 3i — 32^n— 2j 2;„_3a;n— Ij — 2) cllld 1/3 = (xq , . . . , Xn — 4 j 2;^_3 , 

Xn-'iXn-2, x'^_2), that we exclude with the same arguments as before. In the second 
case, we get gin{C') = {xq, . . . , x„_3, a;^„2) ^^'^ ^' would be aCM. 

In the other cases, applying Lemma 11.71 with t — pc > reg(Y) — 2, we obtain 
g' > 1, that is absurd. □ 

Example 3.3. Just to give an example of the situations that can occur for c > 4 in 
the proof of Theorem 13.21 we consider the following case 



t 


. 


• reg{Y) - 3 


reg{Y) - 2 


reg{Y) - 1 


reg{Y) 


A^+'Hy 


1 . 


0.reg{Y)-S 


c 


1 





A'^+^Hx 


1 . 


areg{Y)-3 


c - 4 


1 


1 


AHz 


1 . 


0'reg(Y)-3 ~ 1 


c- 1 









For t = reg{Y) - 1, we obtain A = A'^-^Pyit) - Pc{t) = 8 and g' = 3. 

Proposition 3.4. The statement of Theorem \3.S\ holds also with deg{Y)~deg{X) > 
4 if Hz'{t) = min{c?', (*^'^)}, Z' has maximal rank in P^. 

Remark 3.5. In j6l Proposition 4.6] we prove that, in a projective space of 
dimension n > A over a field K of every characteristic, a curve C C P^ with 
deg{Y) — deg{C) < 3 is aCM if and only if reg{C) > + 1. Moreover, we show 
that this result is sharp. 
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